We consider several di erential operators on compact almost-complex, almost-Hermitian and almost-Kähler manifolds. We discuss Hodge Theory for these operators and a possible cohomological interpretation. We compare the associated spaces of harmonic forms and cohomologies with the classical de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies.
Introduction
On a complex manifold X the exterior derivative d decomposes as the sum of two other cohomological di erential operators, namely d = ∂ +∂ satisfying ∂ = ,∂ = and ∂∂ +∂∂ = . Once a Hermitian metric on X is xed one can associate to∂ a natural elliptic di erential operator, the Dolbeault Laplacian; if X is compact the kernel of this operator has a cohomological interpretation, i.e., it is isomorphic to the Dolbeault cohomology of X. If we do not assume the integrability of the almost-complex structure, i.e., (X, J) is an almost-complex manifold, the∂ operator is still well-de ned but it has no more a cohomological meaning. However, we can de ne some natural di erential operators. In this paper we are interested in studying the properties of such operators, their harmonic forms and possibly their cohomological meaning on compact manifolds endowed with a non-integrable almost-complex structure. More precisely, in the non-integrable case d decomposes as d : A p,q (X) → A p+ ,q− (X) ⊕ A p+ ,q (X) ⊕ A p,q+ (X) ⊕ A p− ,q+ (X) and we set d = µ + ∂ +∂ +μ .
Then we de ne a -parameter family of di erential operators D a,b a,b∈C\{ } whose squares are zero and interpolate between d and d c := J − dJ. In general d and d c do not anticommute and so in Proposition 3.4 we give necessary and su cient conditions on the parameters in order to have D a,b Dc,e + Dc,e D a,b = ; in such a case we de ne the Bott-Chern and Aeppli cohomology groups. Moreover, if we x a J-Hermitian metric we develop a Hodge theory for these cohomologies together with the cohomology of D a,b (see Theorems 3.8, 3.9, Proposition 3.10 and Theorems 3.12, 3.13). In particular we show that if |a| = |b| then the cohomology of D a,b is isomorphic to the de Rham cohomology (cf. Proposition 3.14). Moreover, in Example 3.17 we compute explicitly the invariant D a,b -cohomology on the Kodaira-Thurston manifold endowed with an almost-complex structure, showing that it is isomorphic to the de Rham cohomology independently on the parameters. Nevertheless, the considered parametrized cohomology groups do not generalize (except for the almost-Kähler case) the classical Dolbeault, Bott-Chern and Aeppli cohomology groups of complex manifolds. To the purpose of nding a possible generalization of these cohomologies we consider the operators (cf. [4] ) δ := ∂ +μδ :=∂ + µ .
These two operators anticommute but their squares are zero if and only if J is integrable. In Section 5 we de ne a generalization of the Dolbeault, Bott-Chern and Aeppli Laplacians and develop a Hodge theory for these operators studying their kernels.
In the almost-Kähler setting considered in Section 6 we derive some further relations among the kernels of these operators, involving also the Betti numbers and the dimension ofδ-harmonic forms (see Corollary 6.4) . A Hard-Lefschetz type Theorem for Bott-Chern harmonic forms is also proved (cf. Theorem 6.14). Finally, in the last Section we compute explicit examples on the two -dimensional non-toral nilmanifolds and the Iwasawa manifold showing that a bi-graded decomposition for theδ-harmonic forms cannot be expected and that the equalities in Theorem 6.7 and the inequalities in Corollary 6.4 are peculiar of the almost-Kähler case, giving therefore obstructions to the existence of a symplectic structure compatible with a xed almost-complex structure on a compact manifold. In particular, we show in Example 7.1 that even if in the bigraded case the spaces we consider coincide with the spaces considered in [3] , this fails on total degree.
Preliminaries
Let (X , J) be an almost-complex manifold then the almost-complex structure J induces a natural bi-grading on the space of forms A • (X) = p+q=• A p,q (X). If J is non-integrable the exterior derivative d acts on forms as
and so it splits into four components
where µ andμ are di erential operators that are linear over functions. In particular, they are related to the Nijenhuis tensor N J by
where α ∈ A (X). Since d = one has
Consider the following di erential operators (cf. [4] ) δ := ∂ +μ ,δ :=∂ + µ with δ : A ± (X) → A ± (X) and δ : A ± (X) → A ∓ (X), where A ± (X) are de ned accordingly to the parity of q in the J-induced bigraduation on A • (X).
Lemma 2.1. Let (X, J) be an almost-complex manifold, the following relations hold
Proof. The rst statement follows immediately from the de nitions. The second and third points follow from direct computationδ
Finally, for the last statement we have δδ +δδ = ∂∂ + ∂µ +μ∂ +μµ +∂∂ +∂μ + µ∂ + µμ = .
If D = d, ∂, δ,δ, µ,μ we set D c := J − DJ, then δ c = −iδ andδ c = iδ and
Notice that in general if J is not integrable d and d c do not anticommute, indeed we have
Therefore, an almost-complex structure J is integrable if and only if d c = i(∂ − ∂) if and only if d and d c anticommute.
Let g be a J-Hermitian metric and denote with * the associated anti-linear Hodge-*-operator. If D = d, ∂,∂, µ,μ we set D * := − * D* and it turns out that D * is the adjoint of D with respect to the L -pairing induced on forms (cf. [4] , [2] ). As usual one can consider the following di erential operators ∆∂ :=∂∂ * +∂ *∂ , . In the following we will consider several spaces of harmonic forms and we will discuss the relations with these ones. Proof. By a direct computation one has
We set
Since D a,b = we de ne the associated parametrized cohomology
Notice that if a = b, one has Da,a = a d i.e., a multiple of the exterior derivative.
In general, D a,b is not a real operator, indeed by a straightforward computation one gets We set
Notice that the family of operators {Da} a∈C\{ } contains the operators
In particular,
Moreover, recall that if J is non-integrable, D D i + D i D ≠ , therefore we show when two real di erential operators Da and D b anticommute. Let (X, J) be an almost-complex manifold and let g be a J-Hermitian metric on X. Then the adjoint of D a,b is
We consider the second-order di erential operator Proof. Fix a and b. We can compute the symbol of ∆ a,b as follows. We work in a local unitary frame of T * X and choose a basis θ , · · · , θ n such that the metric can be written as
Using Einstein notations, a (p, q)-form α locally can be written as
Then∂ acts as (∂α) p,q+ =∂ jq+ α i ···ip j ···jqθ jq+ ∧ θ i ∧ · · · θ ip ∧θ j ∧ · · · ∧θ jq . and µ acts as µα = α i ···ip j ···jq µ θ i ∧ · · · θ ip ∧θ j ∧ · · · ∧θ jq and similarly for ∂ andμ. In computing the symbol of ∆ a,b we are only interested in the highest-order di erential acting on the coe cients α i ···ip j ···jq . Denoting with the equivalence of the symbol of the operators we get
By the elliptic operators theory we get the following Theorem 3.8. Let (X, J, g) be a compact almost-Hermitian manifold, then the following Hodge decompositions holds, for every k,
One has the following Theorem 3.9. Let (X, J, g) be a compact almost-Hermitian manifold, then there exists an isomorphism, for every k,
In particular, the space H
As a consequence we have the analogue of the Poincaré duality for the cohomology groups H • D a,b (X).
Proposition 3.10. Let (X, J, g) be a compact almost-Hermitian manifold of dimension n, then the Hodge-*operator induces a duality isomoprhism, for every k,
In particular, for every k, one has the equalities h k
Similarly, one could develop a Hodge Theory for the Bott-Chern and Aeppli cohomologies of (A • (X), D a,b , Dc,e) (with ae = bc and (a, b) ≠ (c, e)) following for instance [8] .
In particular, the Bott-Chern and Aeppli Laplacians can be de ned as 
By the elliptic operators theory we get the following Theorem 3.12. Let (X, J, g) be a compact almost-Hermitian manifold. If ae = bc and (a, b) ≠ (c, e) then the following Hodge decompositions hold, for every k,
One has the following Theorem 3.13. Let (X, J, g) be a compact almost-Hermitian manifold, then there exist isomorphisms, for every k,
In particular, the spaces H • BC(D a,b ,Dc,e) (X) and H • A(D a,b ,Dc,e) (X) are nite-dimensional.
However, under some hypothesis on the parameters a, b we can write down an explicit isomorphism. Proof. Let α = p+q=k α p,q be a d-closed k-form, namely Hence µα + ∂α +∂α +μα = . Then, by bi-degree reasons
Therefore,
Similarly, if d * α = then D * a,b α p+q, +b a α p+q− , +b ā α p+q− , + · · · +b p+q a p+q α ,p+q = .
Therefore if |a| = |b| and ∆ d α = then 
Notice that in case of D i,−i = d c the isomorphism becomes
Remark 3.16. If Da is a real operator, namely Da = D a,ā , then by previous corollary there is an isomoprhism
for any a ∈ C \ { }. The manifold X is a -dimensional nilmanifold which admits both complex and symplectic structures. We consider the non-integrable almost-complex structure J de ned by the structure equations
We x the J-Hermitian metric ω := i j= φ j ∧φ j , and by a direct computation one gets on invariant -forms
Therefore, one gets
where we listed the harmonic representatives with respect to ω. In particular, for a = b = we get the harmonic representatives for the de Rham cohomology and for a = −b = i we get the harmonic representatives for the d c -cohomology H d c (X). Proof. By direct computations using the almost-Kähler identities As a consequence, we denote
This operator generalizes the Brylinski co-di erential, indeed
In fact using D Λ a := [Da , Λ] and D a = we have that
In particular, for a = we recover the standard relations The symplectic cohomologies de ned in [12] correspond to the parameter a = .
Harmonic forms on almost-Hermitian manifolds
In the following we try to generalize the spaces of harmonic forms for the Dolbeault, Bott-Chern and Aeppli cohomology groups of complex manifolds using the intrinsic decomposition of d induced by the almostcomplex structure. However, for a non-integrable almost-complex structure we do not have a cohomological counterpart (cf. also [2] , [3] ). Let (X, J, g) be an almost-Hermitian manifold that means X is a smooth manifold endowed with an almost complex structure J and a J-Hermitian metric g. As above denote with * the associated Hodge-*-operator. Consequently, δ * = ∂ * +μ * ,δ * =∂ * + µ * and (d c ) * = i(δ * −δ * ) = i(∂ * +μ * −∂ * − µ * ) .
We de ne the following di erential operators ∆δ :=δδ * +δ *δ , We have the following Proposition 5.2. Let (X, J, g) be an almost-Hermitian manifold, then the operators ∆δ and ∆ δ are elliptic differential operators of the second order.
Proof. The operator ∆δ is elliptic, indeed it is a lower order perturbation of its integrable counterpart. More precisely, denoting with the equivalence of the symbol of the operators we have ∆δ =δ *δ +δδ * ∂∂ * +∂ *∂ = ∆∂ .
Similar considerations can be done for ∆ δ .
We denote with H k δ (X) := Ker ∆δ |A k (X) the space ofδ-harmonic k-forms and with H p,q δ (X) := Ker ∆δ |A p,q (X) the space ofδ-harmonic (p, q)-forms, and similarly for the operator δ. We get the following Theorem 5.3. Let (X, J, g) be a compact almost-Hermitian manifold, then the following Hodge decompositions hold
Proof. The Hodge decompositions follow form the classical theory of elliptic operators. Notice that a k-form β isδ-harmonic if and only if
Hence let α ∈ A p,q (X), then α ∈ Ker ∆δ if and only if∂α = ,∂ * α = , µα = , µ * α = concluding the proof.
Remark 5.4. Since the operator ∆δ is elliptic the associated space of harmonic forms H • δ (X) is nitedimensional on a compact almost-Hermitian manifold. In particular, we denote with h • δ (X) its dimension. The same applies for the operator δ. In particular,
Proof. We prove only the rst equality since the second one can be easily obtained by conjugation. We have ∆δ = (∂ + µ)(∂ * + µ * ) + (∂ * + µ * )(∂ + µ) =∂∂ * +∂µ * + µ∂ * + µµ * +∂ *∂ +∂ * µ + µ *∂ + µ * µ
Remark 5.6. Notice that in [3] the authors consider on n-dimensional compact almost-Hermitian manifolds the spaces of harmonic forms H •,• ∂ ∩ H •,• µ . By Theorem 5.3 we know that on bi-graded forms we are just reinterpreting these spaces since
Hence we refer to [3] for the properties and several results concerning these spaces. But in general, we just proved that on total degrees we have only the inclusion
In particular in Example 7.1 we show that this inclusion can be strict. Proof. The calculations for the symbol of ∆ BC(δ,δ) are similar to the ones for ∆δ keeping only the highest order di erential terms. Denoting with the equivalence of the symbol of the operators we have ∆ BC(δ,δ) δδδ * δ * +δ * δ * δδ +δ * δδ *δ + δ *δδ* δ δδ *δδ* + δ * δδ *δ + δδ *δ*δ + δ * δδδ * δ * δ + δδ * δ *δ +δδ * = ∆ δ ∆δ ∆ δ .
Similar considerations can be done for ∆ A(δ,δ) .
We denote with H k BC(δ,δ) (X) := Ker(∆ BC(δ,δ)|A k ) the space of ∆ BC(δ,δ) -harmonic k-forms and with H p,q BC(δ,δ) (X) := Ker(∆ BC(δ,δ)|A p,q ) the space of ∆ BC(δ,δ) -harmonic (p, q)-forms. We have the following Lemma whose proof is a direct computation. Lemma 5.9. Let (X, J, g) be a compact almost-Hermitian manifold. Then, a di erential form α ∈ H k BC(δ,δ) (X) if and only if δα = ,δα = , (δδ) * α = .
We get the following Proposition 5.10. Let (X, J, g) be a compact almost-Hermitian manifold, then the following Hodge decomposition holds
Proof. The Hodge decomposition follows from the ellipticity of ∆ BC(δ,δ) . In particular, if α is a (p, q)-form we obtain the thesis. Finally, given α ∈ H k BC(δ,δ) (X), β ∈ A k− (X), γ ∈ A k+ (X) and η ∈ A k+ (X) we have (α, δδβ +δ * γ + δ * η) = ((δδ) * α, β) + (δα, γ) + (δα, η) = .
Remark 5.11. Notice that the spaces δδA k− (X) andδ * A k+ (X) + δ * A k+ (X) are orthogonal if and only if δ = .
Similarly, if we denote with H k A(δ,δ) (X) := Ker(∆ A(δ,δ)|A k ) the space of ∆ A(δ,δ) -harmonic k-forms and with H p,q A(δ,δ) (X) := Ker(∆ A(δ,δ)|A p,q ) the space of ∆ A(δ,δ) -harmonic (p, q)-forms we get the following Proposition 5.12. Let (X, J, g) be a compact almost-Hermitian manifold, then the following Hodge decomposition holds
Remark 5.13. Since the operators ∆ BC(δ,δ) 
. In particular, for any p, q
Therefore, we have the following dimensional equalities for every k
and for every p, q h p,q δ (X) = h q,p δ (X) , h p,q BC(δ,δ) (X) = h q,p BC(δ,δ) (X) .
Remark 5.15. Let (X, J, g) be a compact almost-Hermitian manifold of real dimension n, then the Hodge-*operator induces duality isomorphisms for every k
In particular, for every p, q * : H p,q BC(δ,δ) (X) → H n−p,n−q A(δ,δ) (X) . Therefore we have the usual symmetries for the Hodge diamonds, namely for every k h k BC(δ,δ) (X) = h n−k A(δ,δ) (X) and for every p, q h p,q BC(δ,δ) (X) = h n−p,n−q A(δ,δ) (X) .
Harmonic forms on almost-Kähler manifolds
Let (X, J, g, ω) be a compact almost-Kähler manifold. With the usual notations, we have the following almost-Kähler identities (cf. [4] , [3] ) Lemma 6.1. Let (X, J, g, ω) be an almost-Kähler manifold then
Proof. For the sake of completeness we recall here the proof. We have Since ω is symplectic, d Λ = −(d c ) * as recalled at the beginning of Section 4; hence [δ, Λ] = iδ * and [δ, Λ] = −i δ * .
As a consequence one has the following (see [ J, g, ω) is Kähler.
Proof. First of all, on any almost-Kähler manifold one has (cf. e.g., [3] )
In view of Lemma 6. 
namely everyδ-harmonic form is harmonic. In particular,
where b•(X) denotes the Betti numbers of X. Proof. First of all, since it will be useful in the following, we notice that by the almost-Kähler identities δ * = i [δ, Λ] andδ * = −i [δ, Λ] we obtain
and similarly for their conjugates.
Recall that when J is non-integrable δ ≠ andδ ≠ and so we cannot cancel them out in these expressions. By Proposition 6.2 ∆ δ = ∆ δ ∆δ = δδ *δδ* + δδ *δ*δ + δ * δδδ * + δ * δδ *δ . Now in the rst and fourth terms we use the previous formulas, and in the second and third terms we use the fact that δ andδ anticommute. Hence, we get
Using Putting all this together we obtain ∆ δ = ∆ BC(δ,δ) −δ *δ − δ * δ − F J concluding the proof. Here in the expression of F J we have used that δ *δ +δδ * = δδ * +δ * δ
We prove this last statement separately in the following Proposition.
Proof. The thesis follows from the previous Proposition saying that H •,• BC(δ,δ) (X) = H •,• δ (X), the fact that H •,• δ (X) = H •,• δ (X) and Theorem 6.7. Corollary 6.12. Let (X, J, g, ω) be a compact almost-Kähler manifold of dimension n, then H • BC(δ,δ) (X) = H • A(δ,δ) (X) .
Proof. First we show the inclusion H • BC(δ,δ) (X) ⊆ H • A(δ,δ) (X). Let α ∈ H • BC(δ,δ) (X) then, by Lemma 5.9, δα = , δα = and δδ * α = . Hence, δδα = and by Propositions 6.10 and 6.2, α ∈ H • BC(δ,δ) (X) = H • δ (X) = H • δ (X), so δ * α = andδ * α = giving the inclusion. The other inclusion follows from having h • BC(δ,δ) (X) = h • A(δ,δ) (X). Indeed by using Remark 5.15, Proposition 6.10 and Remark 5.7 we have the following equalities on the dimensions, for any k, h k A(δ,δ) (X) = h n−k BC(δ,δ) (X) = h n−k δ (X) = h k δ (X) = h k BC(δ,δ) (X) .
We prove the following Lemma Proof. We just need to prove the rst equality As a consequence we have the following Hard-Lefschetz Theorem on the spaces ofδ− and ∆ BC(δ,δ) −harmonic forms. 
